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Abstract. We consider the cohomology group H 1 (T, G, p) of a discrete subgroup V c 
. G = SU(n, 1) and the symmetric tensor representation p on S k C n+1 . We give an ele- 

^SJ ' mentary proof of the Eichler-Shimura isomorphism that harmonic forms H 1 (T, G, K, p) 

5_! . are (0, l)-forms for the automorphic holomorphic bundle induced by the representation 

a • s k c n ofK. 



■ 1. Introduction 

■ Let B be the unit ball in C n considered as the Hermitian symmetric space B = G/K 
^ ■ of G = SU (n,l),n > 1. Let T be a cocompact torsion free discrete subgroup of G and 

p a finite dimensional representation of G, and X = T\B. The representation p of G 
defines also one for T C G. The first cohomology H 1 ^, G, p) is of substancial interests 
and appears naturally in the study of infinitesimal deformation of Y in a bigger group 
G' D G; see [|4l |3l [Q. It is a classical result of Ragnunathan that the cohomology 

■ group H 1 ^, G, p) vanishes except when p = p k is the symmetric tensor S k (C n+1 ) (or p' k 
on S k (C n+1 )'). In a recent work [31 it is proved that realizing i? 1 (r, B, p) as harmonic 
forms, it consists of (0, 1) forms for the symmetric tensor of the holomorphic tangent 



m 

bundle of X = T\B. The proof in [4] uses a Hodge vanishing theorem and the Koszul 
complex. In the present paper we shall give a rather elementary proof of the result. We 
will prove that any harmonic form with values in S m (C n+1 ) is (0, l)-form taking values 
in S m (C n ). Let C~ l be the line bundle on X defined so that £~( n+1 ) is the canonical line 
bundle /C. More precisely we shall prove the following, the notations being explained in 
§2, 

Theorem 1.1. Let Y be a torsion free subgroup of G acting properly discontinuously on 
B. 

(1) Let a G A 1 (r, B, p m ) be a harmonic form. Then a is a (0, 1) form on T\B with 
values in the symmetric tensor S m TX g) C~ m of the holomorphic tangent bundle 
TX. 

(2) Let a e ^(T, B, p' m ) be a harmonic form. Then a is a (1, 0)-form on T\B with 
values in the symmetric tensor S m T'X of the holomorphic cotangent bundle TX 
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and a is symmetric in allm + 1 variables. In particular a is naturally identified 
with a section of the bundle S m+1 T'X <g> C m . 

Corollary 1.2. Let T be as above and assume that T\B is compact then we have 

H\T,p m ) = H l (T\B, S m TX <g> £~ m ), H l (T, p'J = H°(T\B, S m+l T'X ® C m ), 

where the cohomology on the right hand side are the Dolbeault cohomology of d -closed 
(0, 1) forms of the holomorphic vector bundles. 

The case n — 1, namely a Riemann surface T\B, is slightly different. In that case the 
group cohomology -H' 1 (r, p 2 f) of the 2j-th power of the defining representation of T C 
SU(1, 1) will have both holomorphic and antiholomorphic components, H^'°\T, p 2 j), 
if ( 0,1 )(T, p2j), the holomorphic part H^'°\T, p 2 j) corresponds to 

H^°\T,p 2j ) = H^°\T\B,IC j+1 ) = H°(T\B,IC j+1 ) 

of the tensor power of the canonical line bunde. This is known as the Eichler-Shimura 
correspondence; see [0 THEOREME 1] where a concrete construction was given. We 
can also follow our proof and get an elementary proof of this result; see Remark [3^8] 

Our proof is a bit tricky but it is still very akin to the variation of Hodge structures; 
conceptionally we are treating explicitly the filtration of holomorphic bundles defined 
by the central action of K. It is stated in J4} that the results can be derived from the 
work of Deligne and Zucker lfT2l [T3l . We note here that results of this type that (0, q)- 
forms in the group cohomology H q (T, B, p) are actually (0, g)-forms for a corresponding 
automorphic bundle have been obtained much earlier by Matsushima and Murakami [51 
O, and presumalby one can prove the above result by combining the results of [|5]|6] and 
by proving certain vanishing theorem of (r, p — s)-forms in H P (T, G, p). But our method 
is down-to-earth hence we expect that our method can apply to various situations. We 
will investigate further applications in a near future. 

2. Preliminaries 

Let V = C n+1 be equipped with the Hermitian inner product (Jv,v) of signature 
(n, 1), where J is the diagonal matrix J = diag(l, • • • ,1, —1) and (v, v) the Euclidean 
form in C n+1 . We write V = V\ © Ce n+ i with V\ being the Euclidean space C n with 
an orthonormal basis {e^, k = 1, . . . , n}. Let G = SU(n, 1) be the group of linear 
transformations on V preserving the Hermitian form. The maximal compact subgroup of 
Gis 

; A e U(n), e ie det A = 1} = U(n), 

the identification with U (n) being the natural one. The Lie algebra g = su(n, 1) consists 
of matrices X such that X* J + JX = 0. The symmetric space G/K can be realized as 



K = { 



A 

e id 
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the unit ball B in V\ = C n , B = G/K with xq = Q being the base point. Let g = £ + p 
be the Cartan decomposition of g and the subspace p = v G C™} with 



v 
u 



The tangent space T X0 (B) at x will be identified with p = C n as real spaces. 
The center of the maximal compact subalgebra I = u(n) is 

H = (n + l)- 1 V z Tdiag(l, • • • , 1, -n), 

which defines the complex structure on 5, and we have 

s/O + 1) = sl(n) + CH + p + + p". 

Then the holomorphic and anti-holomorphic tangent space p^ consists of upper triangu- 
lar, respectively lower triangular matrices. We denote 

(2.1) £+ = I(&-z&,)=&= (n Z] ep+C = ^ + ^)= f!! nl^p- 



2^s« »sm>/ s-w ig g i ^ r i s» 2 V U 

the C- and C-linear components of £„. 

Let Vi = C n be the defining representation and det(A) the determinant representa- 
tion of U(n). We take the diagonal elements as Cartan algebra of gl(n, C) and the upper 
triangular matrices as positive root vectors. Denote ui, ■ ■ ■ , 0J n -\ the fundamental rep- 
resentations of U(n), so that u>\ = V\ is the defining representation above and w n _i the 
dual representation. 

As complex representation of u(n) we have 

p + = ui (8> det = V\ ® det, p~ = uj n -i <g> det^ 1 . 
This entails that, for A E U(n), 

A ■ ■ ■ A CJ = (det A) n AC A ■ ■ • A A£+ = (det A) n+1 ({+ A • ■ ■ A £+). 

Hence 

(2.2) if" 1 = A n p+ = (det) n+1 
and £ = det. 

We shall just identify p + with V\, p + = V\, when the center action of U(n) is irrelevant. 
The defining representation V of I under u(n) is 

1/ = ^ + det" 1 

We shall consider its symmetric representation (S m (V), p m ) of G and g. Note that we 
have 

(2.3) W = S m (V) = ®% =0 W k = ©r=o^(^i) ® 



and we make the identification of the spaces 



w fc = s ,fc (yi)®e^i fc = s' fc (y a 
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whenever the factor e^-f is irrelevant. 

Note that the Euclidean inner product on V induces one on W = S m (V) and the 
above decomposition is an orthogonal decomposition. Note also that action of p m (X) is 
Hermitian for X 6 p and skew Hermitian for let. 

A representation of G on a finite dimensional complex vector space defines also a vec- 
tor bundle over the quotient space Y\B and we recall briefly its construction. Let (W, p) 
be a finite dimensional representation of G on a complex vector space W. Eventually we 
shall only consider W = S k (V) as above and its dual S k (V). We fix on W a positive 
definite Hermitian form so that K acts unitarily. Let T be a torsion free discrete sub- 
group of G. The restriction of p on Y will also be written as p. Suppose Y acts properly 
discontinuously on B. We recall the known construction of vector bundle E p on Y\B, 
following the exposition [[8] and also some notations there. Let Y x K acts on G x W 
by (7, k)(g, w) := (jgk -1 , p(^)w). Then E p = G x W/Y x K is a holomorphic vector 
bundle on Y\B. The de Rham operator d is well-defined on E v and we let A p = dd* + d*d 
be the corresponding Hodge Laplacian operator on space of p-forms on E p . We choose 
its standard realizations as VT-valued p-forms on G as follows. Let A P (Y, B, p) be the 
space of W^-valued p-forms a on G satisfying 

(a) : a(-yg) = a(g),-y G Y. 

(b) : p(k)a(gk~ l ) = a(g), k e K. 

(c) : i{Y)a = 0, Y e I 

Here l(Y) is the pairing of Y E g as left-invariant vector fields on G (by differentiation 
from right) with a p-form a on G, i(Y)a(Z 1 , ■ ■ ■ , Z p _i) = a(Y, Zi, ■ ■ • , Z p _i). Equiva- 
lently it can be realized as p-forms on Y\G satisfying (6) — (c) above. With some abuse 
of notation we denote A p the corresponding Hodge Laplacian on A P (Y, B, p). 

We shall also need the automorphic bundle defined by representations of K. So let 
(V, r) be a representation of the complexification of K c and we fix as above a Hermit- 
ian inner product on V so that K acts unitarily. The group Y x K acts on G x V by 
(7, k)(g, w) = (jgk -1 , r(k)w). Then S Pl = Y x K\G x V defines a holomorphic vec- 
tor bundle over Y\B. The p- forms on the vector bundle can be realized as the space 
A P (Y, B, r) (again with some abuse of notation) of p-forms on Y\G satisfying 

(b'): T(k)a(gk- 1 ) = a(g), keK. 
(c'): i{Y)a = 0,Yel 

3. The Eichler-Shimura isomorphism 

As indicated in [[3l SJ the part (2) of our theorem is a consequence of (1), so we shall 
only prove (1). 

For any real linear map A : p — > W from p to any complex vector space W we let 

A + (£ v ) = - iA(&,)), = + iA^ iv )) 
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be the C-linear and respectively C-linear components. In particular for any complex 
representation (W, p) of G and g we have 

P*(&) = P(£), 

where £^ are defined in (I2.ll ). Let now p = p m be the representation S m (V) and p m the 
dual representation S m (V) of g. We start now with a few simple observations formulated 
only p = p m \ the corresponding ones hold for p m . 
Denote by 

P k :W^W k = S k (V 1 )®e™- 1 k 

the orthogonal projection onto the component W k in (12.31) . and write 

in 

fc=0 

the corresponding decomposition for a G W = YlT=o W m - 

Let {Xj} be an orthogonal basis of p viewed as tangent vectors on r\G at a fixed point 
Tg and {e,} be the corresponding orthonormal basis of V\. An arbitrary vector in {Xj} 
will be written as Y { . Let T = T p and T* = T* be the operator defind on A x (r, B, p) as 
follows. 

Ta{Y 1} Y 2 ) = p(Y 1 )a(Y 2 ) - p(Y 2 )a(Y 2 ) 

We recall the following result [0 Corollary 7.50] 

Proposition 3.1. Suppse a e y4Q(r,i?,p) w harmonic, A p a = 0. 77zen T p a = and 

T*a = 0. 

This can be restated as the following (which is also proved in OJ for k = 2 by using 
matrix computations). 

Corollary 3.2. Suppose a G Aq{T,B,p) satisfies T p a = and T*a = 0. TTzen the 
W -valued M-bilinear form (X, Y) \-t p(X)at(Y) is symmetric 

(3.1) p(£v)a(£ u ) = p(£u)a(£v), 

and trace free 

(3-2) >^(>(C + MC,.)n(G.)) = 0. 

j 

Our theorem will be an easy consequence of the following proposition, whose proof is 
based on a few elementary lemmas. 

Proposition 3.3. (1) Suppose a G Hom R (p,W) satisfies T p a = T*a = 0. Then 
a is C-linear and takes value in W m = S m Vi, that is, a = a m = ct~ G 
Homcip-, W m ). 
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(2) Suppose a G Hom^ip, W) satisfies T p /a = T*,a = 0. Then a is C-linear and 
takes value in S m (V{), Moreover as an element in (p + )' <g> S m (V{) = (Vi)' (8> 
S m {V{), it is symmetric in all variables, i.e., an element in S m+1 (V{), the leading 
component in (Vi)' <g> S m (V{). 

Denote u l v^~ % the symmetric tensor power of u and v normalized by 

j 

(u + vy = &{u + v) = 

i=0 

Note that the representation p = p m is the symmetric tensor S m (C n+1 ) throughout the 
paper. 

Lemma 3.4. (1) Let 1 < k < m — 1. Then for any ^ £„ G p, 

and on each space it is nonzero. Moreover if w G and = or 

p(C) w = °/° r al1 £t e P ± w = °- 

(2) 77ze restriction p{£ v )\w m '■ W m —> W m -i on the top component W m ofW is 
C-linear in £ v , p(£ v )\w m = P~{£v)\w m > an d p(£v)w on tne bottom component is 
C-linear in £„, p{£ v ) Wo = P + (€v)w - 

Proof. The defining representation p 1 is just the matrix multiplication and we have pi(£ v )u = 
(u,v)e n+ i for u G V u and pi(£„)e n+1 = v. Thus pi(£+)u = 0, pi(C) u = (u,v)e n+1 , 
Pi(£v)e n +i = v, and pi(£+)e n+ i = v, p 1 (£~)e n+1 = 0. Taking the tensor power we find 

p(C)e k n+i = kve k n -\, p(C)4 = kvjen+te 1 ;- 1 , 1 < j < n, 

which are non-zero if Vj ^ 0. First note that 

kp ± (^)k~ 1 = p ± (^ kv ), k e K, v G V x . 

If p(£f)w = for all ^ G p ± and for a fixed w ^ 0, then 

Me?)* -1 ™ = p(^> = o 

for all k E K. Hence it is zero for all p(k~ 1 )w, and therefore zero for w = e*,j = 
1, • • ■ , n, contradicting the previous claim. □ 

The space Hom^(p~, Wf) of C-linear forms (3 on p~ , (3 = [3~ will be identified with 
the tensor product (p~)' <g) Wj. Recall [fTTTl that the tensor product is decomposed under 
K as 
(3.3) 

Hom^p-, Wj) = (p-)' ® S^) (g) e-7 == (5 ,J ' +1 (V r 1 ) ® e™7) © O^ 1 ' 1 ^) ® e£?) 
with the corresponing highest weights 

wi <8> M = (j + l)wi + ((j - l)wi + w 2 ). 
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Lemma 3.5. Suppose (3 = f3 + is S m (V{) -valued C-linearform on p + . If p(it)fi(.H) = 
P(£.v)P(£u) tnen as an element in (p + )' ® S m (V{) is symmetric in all m+ 1 variables. 

Proof. The statement is equivalent to that • • • , is symmetric in all 

m + 1 variables. However the equality p(£„ = p(£j~)/?(£u ) implies that it is 

symmetric in the first two variables and thus is symmetric in all m + 1 variables. More 
precisely, viewing p{££ and p(£j~)/3(£,[) as elements in S m (V), 

p(£T)/?(C)(en + i,--- ,e n+1 ) = P(£M&)e nH ,---,p(&)e nH ) 
Hence from p(£+)e n+ i = u and p(£+)e n+ i = t> and identifying p + = V\, we get 

/3(0(C • • • ,e+) = /3(c + xe, • • • ,£•)• 

□ 

Lemma 3.6. If p~ (£, u ) P~ (£, v ) = P~(£o)/3~(£u) ffoi /3 w m the first component S^ +l {Vi) 
in the above decomposition A3.3\) . 

Proof. Note that the relation p^(^)/3~(^) = is invariant under the in- 

action, since 

p^p^p^ -1 ) = p ± fe,), keK,veV l 

and 

p(fc)/3(^- 1 ) = 

for all k E K, which results in 

p(k)p ± (QP(gk~ l )=p ± (Z kv )l3(g). 

Thus if (3~ satisfies the relation so is its component in ((j — + UI2). We prove 
any element in ((j — l)wi + co 2 ) satisfying the relation must be zero. This space is an 
irreducible representation of K we need only to check the relation for its highest weight 
vector. The highest weight vector of ((j — l)uoi + u 2 ) in V\ ® ^'(Vi) is 

f3 = e 2 <E> e{ - e x <g> (e{~ 1 e 2 ) 

where q is a dual vector to £~ in p _ . We check the relation 

p~fc 2 )/3(e ei ) = p^fc 1 )/3(ee 2 ). 

The left hand side is — e{ _1 e n+ i whereas the right hand side is je{ _1 e n+ i, and the relation 
is not satisfied. □ 

For simplicity we denote ^ = £ e . where {e k } is an orthogonal basis of V±. Observe 
that for any f3 E Hom^-(p~, Wf) we have 

p(C + )/3eHomc(p-,^ +1 ). 
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Lemma 3.7. Suppose 1 < j < m. The map 

n 

T : Hom^(p-, Wj) = (j + 1)^ © ((j - l) Ul + u 2 ) W j+1 , (3 H- 

fc=i 

is to non-zero constant an isometry on the space (j + 

Proof. It is clear that T is a Ji -intertwining map from Hom^(p~, S^'(Vi)) into Wj+i. By 
Schur's lemma it's either zero or an isometry up to non-zero constant on the irreducible 
space (j + To find the constant we take = £\ ® e{e™+( where S\ is the dual form 
of £~ It is indeed in the first component (j + and is actually the highest weight 
vector. Then by direct computation we find 

TP = (m-j)e{ +l e™~r\ 

which is nonzero. □ 

We prove now Proposition 3.3. 

Proof. We shall prove by induction that all otj — for k < m — 1. Let 1 < k < m — 1. 
Taking the A;-th component of ( 13.11) we get 

(3-4) P + (&)«ti(&) = 

(3-5) p"(C«)afe+i(^) = P~(&)a£+i(£u), 

(3-6) p + (^)«fc_ife) =P~(^)Q!fc + i(^u)- 

We prove first that a = 0. Consider the 1 -component of the identity 

(3.7) T* p a = + = 

j 

and write each term in terms of their C-linear and C-linear parts. Note that bilinear C- 
linear and bilinear C-linear terms have their sum zero. Also on the component Wq the 
action p(£ n ) = p(^) is C-linear, by Lemma [3~4l Thus 

E (p + (^)«o (e ej ) + p-(^M(^)) = o. 

3 

But by the equality of (13.61) for k = 1 we have p{t7 3 ) a t — p{^X) a o{^ej)- Namely 

(3-8) 2^p(C+)a -fc.) = 0. 

j 

Taking inner product with e\e™+l G Wi, and using the fact that 

(p(C>o(U),e 1 e^ 1 1 ) = (^(UlpiCji^-D) = <ao(6a),Ci> 

and 

(p(C>o fej.eie^ 1 } = (t«o (^),p(^)(eie^i 1 )> = 0,j ? 1, 
we see that («o (^ ei ), e™ +1 ) = 0, namely olq (£ej = 0. By the i^-invariance of above 
relation (3.8) we may replace e\ by any ej, and get «q = 0, i.e., «q = and a 
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is C-linear, a = 0$. Now Wq = Ce™ +1 is one-dimensional and a is thus of the form 
®o(£u) = (u, Uo)e™ +1 for some u £ V±. Now the relation (13.41 ) implies that 

for all u, v £ Vi. This is impossible unless u = since dim Vi > 1, i.e., a = 0. 
Taking the 0-th component of the equality = we get 

Changing v to iv we find 

P~ (^u)ai(iiv) = -ip~(€v)oii(£u)- 
Summing the two results in 

Taking inner product with e™ +1 £ W'o we have 

= ((p"(fu)(ai(6«,) + ^i(&),C+i) = (oi(^fo) +«ai(^),P + (OC+i> 
= +io! 1 (^),Me™+ 1 1 ) 

for all it. Thus + ioi±(^ v ) = 0, namely «i is C-linear, a\ = a{. Furthermore it 

follows from Lemma l3T6l that a,\ is an element in the component S 2 (Vi) in (p~) , ®S 1 (Vi). 

We take now the 0-component of the identity (13.71) using again the fact that aii is C- 
linear, and find 

= E (P + (^)«i(^) +P + tee J )« 1 (^)) -2^(p-fe,)a,(^.)) . 
i j 

But «x is in the component 2u\ = S 2 (Vi) and Lemma [3771 implies that a\ = 0. 

Using the above procedure succesively we prove then that aj = for j < m — 2. 
Consequently we have a^-i = and a m _i = Taking the trace of (m — 2)-th 

component of (13.21 ) we have again ^ . p + (^e J )«m-i(^e :( ) = and a m _i = by the same 
arguments. 

Finally we consider the (m — l)-th component of the equality p(£ u )a(£ v ) = p(£, v )ct(£,u) 
we get 

Replacing u by iu gives 

-ip~(€u)a m (€v) = P~(t,v)at m (t,iu)- 

Thus 

P~(£v)am(£u) = ^P~(^v) (a m (Cu) - ia m (&u)) = 0. 

This holds for all £„ £ p. Thus a+ = by Lemma [341 and a m is C-linear. Finally 
a m £ S ,m+1 Vi is a consequence of Lemma l3.5l □ 

We prove now Theorem 1.1 and Corollary 1.2. 
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Proof. The statements in Theorem 1.1 follows from Proposition 3.3. Indeed if a G 
A 1 (r,i?,p m ) then by the conditions in §2 it can be represented locally as a differen- 
tial harmonic form. But then it will have values in S m (C n ) by Proposition 13.31 By the 
relation C n = p + (g) det -1 we have 

S m (C n ) = (p + ) m <g> (det)~ m = S m TX <g C~ m , 

proving that a is a (0, l)-section of S m T X £g> C~ m . The proof of the second one is similar. 
The claim that a is C-linear is precisely that a is a (0, l)-form. This proves the first part, 
and the second part follows similarly from Proposition 3.3 (2). 

Let a be a harmonic form representating an element i/ 1 (r, p). Write a = ^£1 «fc 
according to the decomposition (12.3b . It follows then from above that a fc = for k < m, 
i.e. a = a m . The isomorphism of H\T,p) and i/ 1 (r\ J B, S m TX ® C~ m ) is then a 
consequence of [5, Proposition 4.2 and Theorem 6.1]. The second isomorphism is proved 
similarly. □ 

Remark 3.8. In the case of n — 1 with Riemann surface £ = T\B, the group coho- 
mology i? x (r, p m ) will not descend to (0, l)-form on T\B. The line bundle £ = hZ~^ 
is the square root (constructed using the action of K, B = G/K) of the tangent bundle. 
Consider for simplicity m = 2j. It has a decomposition as i? 1 (r, p m ) = if ( 1>0 ) (r, p m ) + 
if (o,i) p m ) ? an( j two components are dual to each other with (F, p 2j ) = H 1 (S, /C~ J ) 
This can also be derived from our computations above. Indeed in the proof of Proposition 
3.3 we take a an element in if ( 0,1 )(r, p m ), i.e., C-linear form, and we can then derive 
from the same arguments that all components except a 2 j are zero, which is equivalent to 
that a = a 2j is a (0, l)-section of IC~ j . That is H^(T, p m ) = H^(T\B, IC~ j ) with 
is dual to H°(T\B, /C J+1 ) by Serre duality. 
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